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We observe the polarization squeezing in the mixture of a two mode squeezed vacuum and a simple coherent
light through a linear polarization beam splitter. Squeezed vacuum not being squeezed in polarization, generates
polarization squeezed light when superposed with coherent light. All the three Stokes parameters of the light
produced on the output port of polarization beam splitter are found to be squeezed and squeezing factor also
depends upon the parameters of coherent light.
INTRODUCTION
In classical optics, the state of polarization of a light beam
is visualized by Stokes vector on the Poincare sphere [1, 2]
and it is determined by four Stokes parameters S0 and S =
(S1, S2, S3), following the relation S2 = S12 + S22 + S32.
These Stokes parameters involve coherence functions [3] of
order (1,1) and it has been realized that these are insufficient to
describe polarization completely as S = 0 does not represent
only unpolarized light [4]. But, these parameters still remain
important because of their role in non-classicalities associated
with polarization. Quantum mechanical analogue of Stokes
parameters can also be defined to characterize quantum nature
of polarization. These quantum Stokes operators hermitian in
nature and act as observables for the system. These hermitian
Stokes operators can be defined as the quantum versions of
their classical counterparts and these are given by
Sˆ0,1 = aˆ
†
xaˆx ± aˆ†yaˆy, Sˆ2 + iSˆ3 = 2aˆ†xaˆy, (1)
where aˆx,y, aˆ†x,y refer to the photon annihilation and cre-
ation operators respectively of the two orthogonal polarization
modes x and y satisfying the commutation relations [aˆj , aˆ†k] =
δjk for j, k = x, y. The mean value of the radius of quantum
Poincare sphere is given by square root of expectation value
of either side of the equation
Sˆ21 + Sˆ
2
2 + Sˆ
2
3 = Sˆ
2
0 + 2Sˆ0. (2)
Note that, Stokes operators do not commute with each other
and hence this equation has an extra term 2Sˆ0 on the right
hand side. Thus, a quantum polarization state is described by
the four Stokes operators, Sˆ0 which is the total photon number
operator denoting the beam intensity and Sˆ = Sˆ1, Sˆ2, Sˆ3 with
commutation relations
[Sˆ0, Sˆj ] = 0, [Sˆj, Sˆk] = 2i
∑
l
ǫjkl Sˆl, (3)
following the SU(2) algebra. Here, ǫjkl is Levi-Civita symbol
for (j, k, l = 1, 2, or 3, j 6= k 6= l 6= j). These relations are
parallel to the commutation relations for components of the
angular momentum operator. These non-zero commutators
show that simultaneous exact measurement of the quantities
represented by these Stokes operators are impossible and the
following uncertainty relations hold
VjVk > 〈Sˆl〉2, Vj ≡ 〈Sˆ2j 〉 − 〈Sˆj〉
2
. (4)
Here Vj stands for the variance 〈Sˆ2j 〉 − 〈Sˆj〉
2
of the quantum
Stokes operators Sˆj .
Polarization squeezing is a non-classicality similar to or-
dinary squeezing, and is defined almost in a similar fashion
using Stokes operators as the continuous variables for the sys-
tem describing polarization. Polarization squeezing first intro-
duced by Chirkin et al. [5] was initially defined using the com-
mutation relations followed by the Stokes operators. Later,
this definition was modified by Heersink et al. [6] taking into
account the uncertainty relations followed by these Stokes op-
erators and generalized by Luis and Korolkova [7] for a gen-
eral component of Stokes operator vector. The authors have
written the criterion for polarization squeezing for a general
component of Stokes vector operator Sˆn along the unit vector
n [8–10] in the following form
Vn ≡ 〈∆Sˆ2n〉 < |〈Sˆn⊥〉|max
=
√
|〈Sˆ〉|2 − 〈Sn〉2 (5)
arguing that, there are infinite directions n⊥ for a given com-
ponent Sˆn and therefore one needs to consider the maximum
possible value of |〈Sˆn⊥〉|. All of the above definitions have
been used in different studies on polarization squeezing [11–
13] in the order of improvement considering the uncertainty
relations and characterization of polarization squeezing in a
general component of Stokes operator vector. In our study, we
use the criterion in Eq. (5) for polarization squeezing, which is
the most general and based on the actual uncertainty relations.
Squeezing factor Sn and degree of squeezing Dn to measure
polarization squeezing can be defined as
Sn = Vn√
|〈Sˆ〉|2 − 〈Sˆn〉2
, Dn = 1− Sn, (6)
2respectively. Non-classicalities are seen when 1 > Sn > 0
and the degree of squeezing Dn lies between 0 and 1.
Since, quantum Stokes operators and non-classical polar-
ization can be used for quantum information protocols in
quantum communication, it is important to study polarization
squeezing in such systems. Another convenience reason
being the easy measurement of Stokes parameters using
linear optical elements, polarization squeezing is easy to
experimentally measure. The direct measurement schemes
are developed methods for measuring these parameters and
they preserve quantum noise property.
In the present paper, we study a process where linear
beam splitter mixes coherent light with a two mode squeezed
vacuum and it is observed that, the output beam from the
beam splitter exhibits polarization squeezing. Illustration in
Fig. 1 shows the superposition on linear polarization beam
splitter. The input non-classical light is a two mode squeezed
vacuum which does not show polarization squeezing. The
linear beam splitter can not convert classical light beams
into non-classical though nonlinear beam splitters do. The
polarization squeezing at the output port 3 therefore shows
that, the input non-classical beam gives non-classicality in
the output.
If the two mode coherent light beam incident at ports 1 and
two mode squeezed vacuum at port 2, are represented by an-
nihilation operators aˆx, aˆy and bˆx, bˆy, respectively and output
at ports 3 and 4 have annihilation operators cˆx,y and dˆx,y , re-
spectively, for the two mode coherent state |αx, αy〉 we have
aˆx|αx, αy〉 = αx|αx, αy〉, aˆy|αx, αy〉 = αy|αx, αy〉, (7)
and for two mode squeezed vacuum
bˆx(t) = c bˆx|0〉+ is b†y|0〉, bˆy(t) = c bˆy|0〉+ is b†x|0〉, (8)
where c = coshkt, s = sinh kt, kt being the interaction time
for nonlinear interaction. After this superposition, the beams
at ports 3 and 4 can be represented as
cˆ = taˆ+ irbˆ, dˆ = taˆ+ iraˆ, (9)
where t and r are the transmission coefficient and reflection
coefficients, respectively.
In this problem, we are only interested in port 3 and we can
write the x and y modes of the annihilation operator at the
output port 3 as
cˆx = txaˆx + irxbˆx, cˆy = tyaˆy + iry bˆy, (10)
with tx,y and rx,y being the transmission coefficient and
reflection coefficient, respectively for the two modes.
To have an idea about the non-classicality in mixing of two
light beams, let us consider, the two input beams having den-
sity operators
ρˆ1 =
∫
d2α P1(α)|α〉〈α|, ρˆ2 =
∫
d2β P2(β)|β〉〈β|. (11)
The composite density operator cab therefore be written as
ρˆ =
∫
d2α d2β P1(α)P2(β)|α, β〉〈α, β|
=
∫
d2α d2β P1(α)P2(β) exp [−(|α|2 + |β|2)]
exp [αa† + βb† − h.c.]|0.0〉〈0, 0| exp [α∗a+ β∗b− h.c.],
(12)
where h.c.stands for hermitian conjugate. This leads to
αaˆ† + βbˆ† = (tα− irβ)cˆ† + (tβ − irα)dˆ†, (13)
and hence
ρˆ =
∫
d2α d2β P1(α)P2(β)|tα− irβ, tβ − irα〉
〈tα− irβ, tβ − irα|
=
∫
d2r d2δ P (r, δ)|r, δ〉〈r, δ|, (14)
where P (R, δ) = P1(tr + irδ) P2(tδ + irδ).
This shows that, if P1 and P2 are non negative, P also has
a non-negative value and classical input light beams mix at a
linear beam splitter to generate classical output light beams.
However, if one of P1 and P2 is not non-negative, P would
also be non-negative and input non-classical beam gives non-
classicality in the output. Generation of anti-bunched light
by mixing of squeezed light with classical light is a very
well known example. We observe here the non-classicality in
the form of polarization squeezing exhibited here in a similar
manner.
THE TWO MODE SQUEEZED VACUUM AND
POLARIZATION SQUEEZING
The two mode squeezed vacuum as shown in the Eq. (8)
can also be represented as,
bˆx(t) = cbˆx0|0〉+isb†y0|0〉, bˆy(t) = cbˆy0|0〉+isb†x0|0〉, (15)
where bx0, by0 are the annihilation operators initially and
bx(t), by(t) at time t after the non-degenerate parametric am-
plification. For initial vacuum state, straight calculations give
〈Sˆ0〉 = 2s2, 〈Sˆ1〉 = 〈Sˆ2〉 = 〈Sˆ3〉 = 0,
〈Sˆ21〉 = 〈Sˆ22〉 = 〈Sˆ23〉 = 4s4 + 4s2. (16)
It is easy to see by plugging in the values in the inequality cri-
terion for polarization squeezing given by Eq. (5) that, none
33 (Output)1 (Coherent beam)
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FIG. 1. Superposition of coherent light beam and squeezed vaccum
through linear polarization beam splitter.
of the Stokes operators show polarization squeezing. But, it is
very important to notice that the squeezed vacuum is observed
squeezed in polarization[14] when the first criterion for polar-
ization squeezing [5] is used, however, the two mode squeezed
vacuum shows no squeezing in polarization on using the gen-
eral criterion that considers uncertainty relation followed by
Stokes operators in addition to the commutation relations. We
observe that it does not exhibit any squeezing in polarization
as per the general criteria [7, 8] for a general component of
Stokes operator vector.
POLARIZATION SQUEEZING IN THE MIXED BEAM
THROUGH LINEAR BEAM SPLITTER
After mixing of the coherent beam and squeezed vacuum,
the mean values and variances of the Stokes operators at the
output port 3 represented by Eq. (10) for αx,y = |αx,y|eiφx,y
can be calculated as
〈S0〉 = t2x|αx|2 + t2y|αy|2 + (r2x − r2y)s2,
〈S1〉 = t2x|αx|2 − t2y|αy|2 + (r2x + r2y)s2,
〈S2〉 = 2txty|αx||αy| cos(φy − φx),
〈S3〉 = 2txty|αx||αy| sin(φy − φx), (17)
and
V1 = 2s
2r2xt
2
x|αx|2 + 2s2r2yt2y|αy|2 + t2x|αx|2 + t2y|αy|2
−4csrxrytxty|αx||αy| sin(φx + φy)
+(r2x + r
2
y)s
2 − (r2x − r2y)s4,
V2 = 2s
2t2xr
2
y|αx|2 + 2s2r2xt2y|αy|2 + t2x|αx|2 + t2y|αy|2
−4csrxrytxty|αx||αy| sin(φx + φy)
+4r2xr
2
ys
4 + 2r2xr
2
y(2s
4 + s2),
V3 = 2s
2t2xr
2
y|αx|2 + 2s2r2xt2y|αy|2 + t2x|αx|2 + t2y|αy|2
−4csrxrytxty|αx||αy| sin(φx + φy)
−4r2xr2ys4 + 2r2xr2y(2s4 + s2),
(18)
We now consider the polarization squeezing under the approx-
imation tx|αx| = ty|αy| = A >> c , i.e., the transmitted
parts of coherent light in the x and y modes have the same
amplitude which is very large as compared to coshkt. This
is to note that, if we do not consider large interaction times
which allows us to ignore the higher order terms in s, i.e. s2
and s4, we can test the polarization squeezing along all the
three Stokes operators as shown below. For the Stokes opera-
tor Sˆ1, we have
V1 = 2s
2(r2x + r
2
y)A
2 − 4cs rxryA2 sin(φx + φy) + 2A2,
〈Sˆ2〉2 + 〈Sˆ3〉2 = 8A4.
The squeezing factor for Sˆ1 obtained by plugging in these val-
ues in Eq. (6) is
S1 = 1√
2
[1 + s2(r2x + r
2
y)− 2csrxry sin(φx + φy)]. (19)
This expression has the minimum value for φx + φy = π/2
and the maximum polarization squeezing would be obtained
for tanh 2kt = 2rxry/r2x + r2y . Therefore, the maximum po-
larization squeezing quantified by the minimum value of po-
larization squeezing factor is
S1min = 1√
2
[
1− [min(rx, ry)]2
]
, (20)
where min(rx, ry) is rx if rx < ry , ry if ry < rx and
ry = rx if both are equal.
For second Stokes operator Sˆ2 as per the same criterion in
Eq. (6), squeezing factor can be written as
S2 =
1 + s2(r2x + r
2
y)− 2csrxry sin(φx + φy)
sin(φy − φx) . (21)
This expression can be minimized for (φx + φy) = π/2 and
(φy − φx) = π/2, and it leads to maximum squeezing for
tanh kt = 2rxry/r
2
x + r
2
y with squeezing factor resulting into
the same expression as in the previous case. It is given by
S2min = 1− [min(rx, ry)]2. (22)
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FIG. 2. Variation of S1min and D1max with r showing maximum
polarization squeezing.
In a similar way, we obtain the minimum squeezing factor in
case of Stokes operator Sˆ3 for (φx + φy) = π/2 and (φy −
φx) = 0 with a condition tanh kt = 2rxry/r2x + r2y , as
S3min = 1− [min(rx, ry)]2. (23)
The squeezing factor for all the three components of Stokes
operator vector can therefore be written as
S1min = 1√
2
[1− r2],S2min = S3min = 1− r2, (24)
where r = min(rx, ry).
Above results show that the squeezed vacuum is not po-
larization squeezed in itself, but when mixed with a coher-
ent beam, the output beam exhibits polarization squeezing
along all the three components of Stokes operator vector for
(φx + φy) = π/2 but different combinations of (φx, φy).
We observe that the output light is most squeezed in polar-
ization along the Stokes parameters Sˆ1 and equally squeezed
along Sˆ2 and Sˆ3. The variation of squeezing factor and degree
of squeezing with r, corresponding to maximum polarization
squeezing in Sˆ2 and Sˆ3 is shown in Fig. 2.
DISCUSSION OF RESULT
Looking at the above expressions for squeezing factor, one
can observe that, it can be made less than one by choosing r
small. This gives high degree of polarization squeezing. As a
special case, if we consider this linear beam splitter to be sym-
metric one, rx = ry = 1√
2
that gives the minimum squeezing
factor S1min = 0.35, i.e., D1min = 0.65. However, in the
case of Sˆ2 and Sˆ2, we have S2min = S2min = 0.35, and
D2max = D3min = 0.50. This reveals a maximum of 65%
squeezing at the output port 3 and this is observed along Sˆ1.
We therefore observe that squeezed vacuum on mixing with
a coherent radiation through a beam splitter leads to polariza-
tion squeezing in the output light. This is important because
the nature of non-classicality changes during the interaction
and up to 65% squeezing in polarization is obtained without
initial non-classicality of same nature. In our next manuscript,
we are further exploring the simultaneous squeezing of or-
thogonal components of Stokes operator vector.
∗ namratashukla@hri.res.in
[1] G. G. Stokes, Trans.Cambridge Phylos. Soc. 9, (1852) 399.
[2] M. Born, E. Wolf, Principles of Optics (Cambridge University
Press, England, 1999).
[3] L. Mandel, E. Wolf, Optical Coherence and Quantum Optics
(Cambridge Univ. Press, England, 1995).
[4] H. Prakash, N. Chandra, Physical Review A 4, 796 (1971)
[5] A. S. Chirkin, A. A. Orlov, and D. Y.Parashchuk, Quantum
Electrononics 23, 870 (1993).
[6] J. Heersink, T. Lorenz, O. Glockl, N. Korolkova,and G. Leuchs,
Physical Review A 68, 013815 (2003).
[7] A. Luis, N. Korolkova, Physical Review A, 74, 043817 (2006).
[8] R. Prakash and N. Shukla, Optics Communications 284, 3568
(2011).
[9] N. Shukla and R. Prakash, Modern Physics Letters B 30,
1650055 (2016).
[10] N. Shukla and R. Prakash, Optics and Spectroscopy 120, 134
(2016).
[11] U. L. Anderson,and P. Buchhave, Journal of Optics B 5, 486
(2003); O. Glockl, J. Heersink, N. Korolkova, G. Leuchs, S.
Lorenz, Journal of Optics B 5, 492 (2003); N. Korolkova, R.
Loudon, Physical Review A 71 032343 (2005).
[12] Yu. M. Golubeva, T. Yu. Golubev, M. I. Kolobov, and E. Gi-
acobino, Physical Review A 70, 053817 (2004); W. P. Bowen,
R. Schanabel, H. A. Bachor and P. K. Lam, Physical Review
Letters 88, 093601 (2002); A. P. Aldojants, S. M. Arakelian,
Journal of Modern Optics 46, 475 (1999); N. V. Korolkova, A.
S. Chirkin, Journal of Modern Optics 43, 869 (1996).
[13] J. F. Sherson, K. Mølmer, Physical Review Letters 97, 143602
(2006); J. Heersink, V. Josse, G. Leuchs, V. L. Anderson, Op-
tics Letters 30, 1192 (2005); P. Usachev, J.Soderholm, G. Bjork,
A. Trifonov, Optics Communications 193 161 (2001); A. P. Al-
dojants, A. M. Arakelian, A. S. Chirkin, JETP 108, 63 (1995).
[14] N. Korolkova, G. Leuchs, R. Loudon, T. C. Ralph,and Ch. Sil-
berhorn, Physical Review A 65, 052306 (2002).
ACKNOWLEDGEMENTS
We would like to thank Hari Prakash for his interest and
critical comments.
